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Figure 6. Reduced relaxation rates Q/Qz obtained from the 
one-arm labeled star (PS12OA) aa a function of Q and u. The solid 
line represents the asymptotic Q3 behavior due to internal Zimm 
modes. The dashed line indicates the slow crossover to trans- 
lational diffusion. 

pared to a linear polymer (I - Q-1.5 instead of I - v59. 
Perhaps this gives rise to effectively stiffer segmenh as l / Q  
increases beyond a few bond lengths. The larger 1/Q, the 
stiffer the mean segment, and the higher the characteristic 
frequency until l /Q >> R,. Then the center of mass dif- 
fusion dominates again. 

In spite of the simple geometry of the multiarmed star 
branched polymer, the dynamics and structure of a finite 
size star polymer appear to be interesting and rich in 
physics. Through the advances in the modern synthetic 
chemistry, monodispersed star polymers with specific la- 
beling by deuterium substitution can be produced. This 
allows the neutron scattering technique to probe not only 
the relation between structure and dynamics of the whole 
molecule but also any of the designated parts. We have 
learned that the characteristic minimum in the scaled line 
width of the collective relaxation of star polymers does not 
appear in the dynamics of a single-labeled arm in the star 

structure. Furthermore, the polystyrene star does not seem 
to obey the scaling behavior observed in the polyisoprene 
systems. Nevertheless, the static form factors of the 
polystyrene star and its labeled arms reflect the anomaly 
of the observed dynamics. A more fundamental theoretical 
approach to these observations should prove useful for the 
understanding of not only the star polymers but also other 
branched system, including polymer networks. 

Registry No. Neutron, 12586-31-1; polystyrene, 9003-53-6. 
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ABSTRACT. A previously presented mean-field lattice theory (Macromolecules 1986,19,2420) is extended 
to treat chain stiffness. The effect of bending energy on the configurational properties of chains at semicrytaJline 
interfaces is analyzed. The width of the interfacial region and the degree of adjacent reentry are presented 
as a function of chain stiffness. A comparison with the case of chains bounded by a hard wall is given. 

Introduction 
The configurations of long-chain molecules a t  the 

crystal/amorphous interface in semicrystalline polymeric 
materials has been actively debated for a number of 
year~.l-~ A melt of long-chain molecules when cooled forms 
a series of lamellar crystals which are separated by 

0024-9297/89/2222-0472$01.50/0 

amorphous regions. The chains can be many times longer 
than the width of these lamellae and thus they may pos- 
sibly traverse the crystal and amorphous regions many 
times. 

A large number of the chains which exit the crystal must 
reenter it so as to avoid an anomolously high density in 
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The configurational entropy is given by 

s = kBxpo(R) hl Po(&) (1) 

plus additive constants which are independent of the local 
chain statistics and thus irrelevant for our purposes. P&R) 
is the mean-field probability of a configuration R and is 
not explicitly subject to excluded-volume restrictions. 

The chain probability can be written as the product of 
conditional probabilities 

R 

PO(R) = vp(rk+llrk,rk-l) (2) 

where p(rk+llrk,rk-l) is the probability that the k + 1 seg- 
ment is a t  rk+l given that the k and k - 1 segments are a t  
rk and rk-l, respectively. The conditional probability's 
dependence on the location of the previous segments has 
been truncated to the previous two segments. This is the 
simplest level at which one may treat the chain statistics 
and include chain stiffness. Substituting eq 2 into eq 1 
yields 

S = kBC C p(rk+l,rk,rk-J In ptrk+llrk,rk-l) (3) 
k r h + l w . + - l  

where end effects have been neglected. The three-segment 
joint probability is a product of three factors 

p(rk+l,rk,rk-l) = P(rk+llrk,rk-l) P(rklrk-1) Ptrk-l) (4) 

where p(rklrk-l) is the one-segment conditional probability 
and p(rk-l) is the single-segment probability. In the 
long-chain limit all segments along the chain are equiva- 
lent, In this limit the single-segment distribution has no 
spatial dependence and all sets of segments k + 1, k, k - 
1 are equivalent. Under these assumptions the entropy 
may be expressed as 
s = -kB P(rk+llrk,rk-l) p(rklrk-1) In drk+llrktrk-l) 

o + l w k - l  

(5) 
Details of the above derivation may be found in paper I. 

The configurational energy is solely due to bending en- 
ergy. In general we may write the thermodynamic energy 
as 

E = CEW) Po@) (6) 

in a mean-field approximation. We consider here only the 
simplest bending energy which depends on three consec- 
utive segments (or two bonds) 

R 

E = P(rk+ltrk,rk-l) E(rk+l,rktrk-l) (7) 
rh+lvrk*rkl 

where we have again neglected end effects. Decomposing 
the three-segment joint probability as in eq 4 and using 
the invariance along the chain reduce eq 7 to 

E = P(rk+l(rkrrk-l) P(rklrk-1) E(rk+l,rktrk-l) (8) 
rh+lrrh,r.+-l 

The configurational free energy is simply given by 
F = E - T S  (9) 

where E and S are given by eq 8 and eq 5, respectively. 
To determine the local chain statistics and to analyze the 
effect of bending energy, we minimize the free energy 
subject to the appropriate boundary conditions and con- 
straints on the conditional probabilities. 

Interphase 
In the case of the semicrystalline polymer and other 

interphases, we assume the conditional probabilities de- 
pend solely on the distance from the interface and are the 

Amorphous 
e =  2 
p =  1 

Crystal ?n? fl p =  ' 0 

Figure 1. Schematic cross-sectional view of the amorphous region 
in a lamellar semicrystalline polymer. 

the amorphous  region.'^^ An issue which has led to heated 
discussions2 is whether chains reenter the crystal at sites 
adjacent to where they exit or whether they reenter more 
randomly. Related to this issue is the question of how wide 
the interfacial region is. Models which treat the entire 
amorphous region as bulk polymer"' assume an infinitely 
sharp interface. A number of lattice models have been 
introduced which predict a finite interfacial region where 
there is a gradual transition from the crystal to the 
amorphous region.&'O 

In a recent paper,1° hereafter referred to as paper I, we 
generalized an approach developed by Helfand"J2 and 
applied it to the semicrystalline interphase. This approach 
allows one to take into consideration the constraints im- 
posed by the interface on the chain configurations and 
systematically treat correlations among bonds along the 
chain. In paper I we analyzed the case of freely flexible 
chains at the semicrystalline interface. In this paper we 
continue that analysis by including the possibility of an 
internal energy in the form a simple bending energy. A 
mean-field treatment is given for the chain configurations 
at  an interface when chain stiffness must be considered. 
Results are presented for the width and degree of adjacent 
reentry for the semicrystalline polymer interface as a 
function of chain stiffness. For comparison, the case of 
a polymer melt against a hard wall is also considered. 

We model the amorphous region of the polymer with a 
cubic lattice. The crystalline region is assumed to be de- 
void of defects and is accounted for by suitable boundary 
conditions on the chain configurations. The lattice is 
divided into a set of layers, enumerated by the index 1, 
parallel to the crystal interface. The crystal terminates 
at 1 = 0 and begins again at 1 = M + 1 (see Figure 1). This 
represents an amorphous region bounded by a crystalline 
polymer. 

The polymer chains are modeled as linearly connected 
walks on the cubic lattice. We characterize a particular 
set of configurations by the sequence R = (r, ..., rk, ... ) where 
rk is the location of the lattice site which contains the kth 
segment. All lattice sites are singly occupied by a polymer 
segment. Details of the model may be found in paper I. 

The chain configurations are obtained by minimizing the 
free energy. Thus the results presented here assume the 
configurations in the amorphous region are determined by 
equilibrium considerations rather than kinetic limitations. 

Configurational Free Energy 
The configurational entropy of chains in the interphase 

differs considerably from that in the bulk even in the 
absence of chain stiffness. In paper I, following Hel- 
fand,lOJ1 we derived the configurational entropy in terms 
of local chain statistics in a mean-field approximation. 
Here the configurational entropy is treated at the level of 
the two-segment approximation, so as to systematically 
include the effects of bending energy. 
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same for all sites in a given layer. Consider the kth seg- 
ment to be in the lth layer. The one-segment conditional 
probability for steps to neighboring sites is 

d r k + l l r k )  = p d + )  

P ( r k + l l r k )  = PI(-)  rk+l in 1 - 1 (10) 

r k + l  in 1 + 1 

r k f l  in I P ( r k + l l r k )  = P I @ )  

as in paper I. For the two-segment conditionals we slightly 
generalize the previous notation. Previously we defined 
nine two-segment conditional probabilities for three seg- 
ments in neighboring sites 

1 [ Pd-I+) PkIO) P k - 1  

Pl(+l+) Pf(+IO) PL+l-) 

P ( r k + l , r k , r k - l )  = Pl(O(+) P1(010) P1(01-) (11) 

where p(aI/3) is the probability that segment k + 1 is in 
layer 1 + CY given that segment k is in layer 1 and segment 
k - 1 is in layer 1 + p. CY and p represent either +, 0, or 
-. To properly include bending energies, we must differ- 
entiate between two types of steps within a given layer. 
pl(OIO), the conditional probability for steps that have all 
three segments in layer 1 ,  is replaced by two conditional 
probabilities. They are, pP)(O10) for steps in which all three 
segments are linear and pl(b)(O1O) for steps which have a 
90" bend. The third possibility of an immediate reversal 
is not allowed. To completely eliminate this unphysical 
configuration we set 

(12) 

The free energy can now be expressed as a sum over 
layers. The sum over rk is replaced by NoCl where No is 
the number of sites in a layer. The sums over rk+l and rkT1 
contribute only for neighboring sites. Substituting the 
above definitions for the conditional probabilities into eq 
5 yields 

S = -kBN0C~4~l(+lo) PN) In PL+W + 
pL+l-) P~-I(+) In pl(+l-) + ~ P I ( O I + )  P~+I(-) In PI(OI+) + 

8~l(~)(010) P I @ )  In P ~ ( ~ ) ( O I O )  + 
~ P L O I - )  pl-l(+) In pdOI-) + pl(-l+) P I + I ( - )  In pL-l+) + 

4pd-IO) pd0)  In pd-10) + 4~1(~) (010)  pd0) In PI(~)(OIO)I 
(13) 

where the numerical factors arise from the four possible 
directions in a given layer in a cubic lattice. 

The energy can be similarly reduced. We take the 
configuration of three collinear segments as the zero of 
energy and assign an energy t b  to bent configurations. 
Under this convention the energy is 

E = No~bC&J1(+10) 

Pl(+I+) = Pd-I-) = 0 

1 

+ 4~~(01+)  PL+I(-) + 
8~~'~'(010) + ~ P ~ O I - )  ~ i - i ( + )  + 4pi(-IO) pi(0)I (14) 
The conditional probabilities are not free to take on all 

values. There are constraints due to the boundary con- 
ditions imposed by the interface plus two additional types 
of constraints. The first is that the conditional proba- 
bilities must be normalized 

C P ( r k + l l r k )  = 1 (15) 
rh+1 

and 

C P ( r k + l l r k , r k - l )  = 1 (16) 
rk+1 

In the case of an interphase and a cubic lattice these reduce 
to 
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(17) PA+) + 4 ~ ~ 0 )  + PA-) = 1 

and 
4pl(01+) + PA-I+) = 1 

Pl(+IO) + 2Pl(b'(010) + Pl'S'(010) + Pl(-Io) = 1 

pi(+l-) + 4pi(OI-) = 1 (18) 

The second constraint is due to the symmetry of the 
polymer configuration with respect to its two ends. The 
probability of a configuration in one direction must be 
equal to the probability for the same configuration taken 
in the opposite direction along the chain. This symmetry 
requirement constrains the one-segment conditional 
probabilities 

A+) = P l + l ( - )  (19) 
and the two-segment conditional probabilities 

Pl(+IO) PLO) = Pl(OI+) P 1 + 1 ( - )  

pd+l-) Pl-,(+) = pd-l+) P l + l ( - )  

PdOI-) P l - l ( + )  = Pd-10) Pl(0) (20) 

as shown previously. These constraints ensure that in the 
mean the lattice is uniformly and completely filled by chain 
segments.'O 

In a bulk system there are no boundary constraints on 
the probabilities and they are translationally invariant. 
Minimizing the free energy subject to the normalization 
and symmetry constraints simply yields the nonreversing 
random walk values 

P ( r k + l l r k , r k - l )  = 1/5 P ( r k + l l r k )  = 1/6 (21) 

in the absence of any bending energies. The bending en- 
ergy alters the two-segment conditional probabilities. One 
obtains the standard Boltzmann form 

e-fb/kBT 
1 + &-rb/kBT (22) p ( r k + l l r k , r k - l )  = 

for a bent configuration and 

for a straight configuration. 
The presence of the crystal fixes the probabilities at  the 

boundaries. To determine the chain statistics in the in- 
terphase, the free energy must be minimized subject to the 
above constraints and the boundary conditions 

Po(-) = 1/2 po(+Io) = 0 po(-Io) = 1 (24) 

and 
P.W+2(-) = 1/2 PIM+1(-IO)  = 0 

(25) 

These boundary conditions break the translational in- 
variance and couple the conditional probabilities so as to 
invalidate a simple Boltzmann relation between all bent 
and straight configurations. 

The relative weight of the two-segment conditional 
probabilities for the bent and straight configurations when 
all three segments are in the same layer does obey a simple 
Boltzmann relation. Since the three segments are all the 
same distance from the interface, the perturbation due to 
the interface is equivalent for the two configurations. 
Minimization of the free energy with respect to pl(b)(O1O) 
subject to the normalization constraint, eq 18, yields 

pib) (010) = e-tb/kBTpl(B)( 010) (26) 

P.W+1(+10) = 1 
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Table I 
Conditional Probabilities and Order Parameter tb = 0 

1 PI(-) Pd+IO) P1(-IO) SI 
0 0.5 0 1 0.451 
1 0.134 0.207 0.155 -0.045 
2 0.170 0.199 0.205 0.005 
3 0.166 0.200 0.200 -0.001 
4 0.167 0.200 0.200 0 

Table I1 
Conditional Probabilities and Order Parameter q, = kBT 

1 P d - )  Pd+IO) PI(-IO) SI 
0 0.5 0 1 0.608 
1 0.239 0.138 0.240 0.127 
2 0.179 0.147 0.163 0.022 
3 0.169 0.149 0.151 0.004 
4 0.167 0.149 0.149 0.001 

Table 111 
Conditional Probabilities and Order Parameter tb = 2kbT 

E PI(-) Pd+IO) Pd-10) SI 
0 0.5 0 
1 0.352 0.072 
2 0.261 0.082 
3 0.214 0.085 
4 0.190 0.087 
5 Oil70 0.088 
6 0.175 0.088 
7 0.170 0.088 

1 0.772 
0.305 0.419 
0.172 0.213 
0.126 0.107 
0.106 0.053 
0.097 0.026 
0.092 0.013 
0.088 0.007 

as in the bulk. 
Similar simple relations do not hold for the other con- 

ditional probabilities. Minimization of the free energy with 
respect to the other conditional probabilities subject to the 
constraint equations yields a set of coupled difference 
equations which must be solved numerically for the one- 
and two-segment conditional probabilities. 

Results 
The resulting difference equations obtained by mini- 

mizing the free energy are solved numerically as a set of 
simultaneous equations for a fixed number of amorphous 
layers M and a given bending energy cb/kBT. We have 
obtained the conditional probabilities for bending energies 
ranging from freely flexible chains with q, = 0 to fairly stiff 

The conditional probabilities are relatively insensitive 
to the width or the amorphous zone, M. For freely flexible 
chains the chain statistics approximately decay to their 
amorphous values by the fourth layer, given that the 
crystal terminates at the zeroth layer. When one considers 
amorphous zones with widths more than twice this dis- 
tance the conditional probabilities are effectively inde- 
pendent of M. For the stiffest chains we consider, = 
2 k ~ T ,  the chain statistics do not reach their amorphous 
values until the 11th layer. In this case one must consider 
much larger amorphous zones to eliminate the dependence 
on M. All the results presented here are for widths suf- 
ficiently large so 89 to eliminate the dependence on M. For 
narrower amorphous zones the conditional probabilities 
are only altered by a few percent for layers before the 
midpoint of the zone. 

In Tables I, 11, and I11 are listed the conditional prob- 
abilities for the interphase. The results are for chains with 
bending energies 0, kBT, and 2 k ~ T  respectively. The other 
conditional probabilities may be constructed by using the 
appropriate constraint equations. The one-segment con- 
ditionals should be compared to the amorphous value of 
' 1 6 .  The two-segment conditional probabilities for bent 
configurations should be compared to the amorphous 

chains with tb = 2 k ~ T .  

7 - 1  2 4 5 6 

L o y e r  I n d e x  

Figure 2. Bond orientational order parameters as a function of 
distance from the crystal. The results are for three bending 
energies: t b  = 0 (-), tb  = kBT (---),  and t b  = 2kBT (---). 
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Figure 3. Bond orientational order parameters as a function of 
distance from a hard wall. The results are for three bending 
energies: t b  = 0 (-), tb  = kBT (...), and 6b = 2kBT (- --), 

values of ' I 5  for q, = 0 and 0.149 for tb = kT and 0.088 for 

Also listed are the orientational order parameters. The 

Si = 1 - 3/2(sin2 e l )  ( 2 7 )  

where el is the angle between a bond and the normal to 
the crystal in the Ith layer. This can be expressed as 

Si = 1 - 6pl(O) (28) 
for a cubic lattice. 

As the bending energy increases the width of the in- 
terphase increases. This can clearly be seen in a plot of 
the orientational order parameter versus layer index, 
Figure 2. For freely flexible chains the perfect order of 
the crystal dissipates very rapidly, slightly overshooting 
random orientations at layer 1 where the bonds have a 
small preference to orient parallel to the crystal interface. 
Even a small bending energy will dampen out this over- 
shoot to yield a monotonic decay to the amorphous state. 
As the bending energy increases the decay of the orien- 
tational order slows and the crystal presence is felt many 
layers into the amorphous region. 

The magnitude of the orientational order and its di- 
rection are specifically due to the boundary conditions 
imposed by the crystal. The width of the interphase and 
its dependence on chain stiffness is a general feature of 

tb = 2 k ~ T .  

order parameter in each layer is 
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folds decays essentially linearly from 73.3% at t b  = 0 to 

the increased bending energy decreases the number of 
immediate reversals, it increases the number of tight folds 
that occur in the next layer, 1 = 1. They increase from 

2 k ~ T .  The increased stiffness extends the region of the 
interphase by essentially delaying the occurrence of tight 
folds. 

The previous lattice models for Flory, Yoon, and Dill9 
(FYD) and Mansfields have also investigated the effects 
of chain stiffness. I t  is difficult to make a direct com- 
parison with the work of FYD due to the large differences 
in their predictions for freely flexible chains and those 
presented here and in paper I. As previously pointed out,l0 
FYD incorrectly approximated the partition function for 
freely flexible chains. This led to their erroneous pre- 
dictions for freely flexible chains as to the degree of ad- 
jacent reentry. The have also not fully accounted for the 
effects of bending energy by not treating all three segment 
configurations on an equal statistical basis. This leads to 
an underestimate of the changes in the interphase due to 
chain stiffness. 

Mansfield has investigated a variety of energetic effects 
on the chain configurations. For freely flexible chains, our 
results agree quite closely with his Monte Carlo results. 
He also finds a decrease in the number of 0th-layer tight 
folds and an increase in tight folds in subsequent layers 
as the bending energy increases. He predicts a more rapid 
change than found in the mean-field analysis presented 
here. For a bending energy €b = kbT,  Mansfield found a 
decrease in the percentage of tight folds to 29% as com- 
pared to 52.2% found in this analysis. 
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